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Abstract. The concepts of rough and definite objects are relatively 
more determinate than those of granules and granulation in general rough 
set theory (RST) [T]. Representation of rough objects can however de- 
pend on the dialectical relation between granulation and definiteness. In 
this research, we exactify this aspect in RST over proto-transitive ap- 
proximation spaces. This approach can be directly extended to many 
other types of RST. These are used for formulating an extended concept 
of knowledge interpretation (Kl)(relative the situation for classical RST) 
and the problem of knowledge representation (KR) is solved. These will 
be of direct interest in granular KR in RST as developed by the present 
author [2] and of rough objects in general. In [3], these have already been 
used for five different semantics by the present author. 

keywords: Rough Objects, Proto Transitivity, Granulation, RYS, Lat- 
tice Theory of Definite Objects, Axiomatic Theory of Granules, Contam- 
ination Problem, Granular Knowledge, Knowledge Representation. 



1 Introduction 

General transitive relations are of much interest in a wide variety of application 
scenarios including vagueness and preference. But the semantics for the former 
cases have not been considered in the literature prior to this and [3] by the 
present author. Here we develop the Kl over a granular representation of rough 
objects. We also show the gaping holes in meaning that would be left by omitting 
granularity in the considerations. 

Rough objects as explained in [411] are collections of objects in a classical 
domain (Meta-C) that appear to be indistinguishable among themselves in an- 
other rough semantic domain (Meta-R). But their representation in most RSTs 
in purely order theoretic terms is not known. In this research paper, we do this 
for a specific type of RST over proto-transitive approximation spaces (PRAS) 



* I would like to thank Prof Mihir Chakraborty for discussions on PRAX. 



developed recently by the present author in [3]. The method can be directly 
extended to many other types of RST. In [3], five different algebraic semantics 
in slightly different rough semantic domains are also developed by the present 
author. In general, rough objects correspond to concepts in the Pawlak-sense Kl 
as they correspond to the objects that can be perceived in the rough semantic 
domain . Here we focus on the generalized approach to granular Kl in general 
RST initiated in [5]. Relative the extended Kl in a semantic domain placed be- 
tween the classical (Meta-C) and Meta-R (of rough objects), the problem of KR 
is solved for reflexive PR AS (PRAX). 

From a simplified view, rough objects may be represented by pairs or tuples 
of definite objects under some conditions. In classical RST, definite objects are 
precisely those that satisfy cc' = x" = x. Pairs of definite objects of the form 
(a, 6) satisfying a b necessarily represent rough objects and every rough object 
can be so represented. Further intervals of the form ]a, &[= {c : a C c C 6, } 
represent rough objects if and only if b covers a. However not all intervals of the 
form correspond to rough objects without the covering condition. This relation 
becomes more complicated in more general RSTs as in the case of PRAX. We 
characterize this in this research. 

Classical RST is RST starting from an approximation space of the form {S_, R) 
with S_ being a set and R being an equivalence relation on S_. Weak transitivity 
of [5] is proto-transitivity here and distinct from the usage in [6]. 

Definition 1. A binary relation R on a set S is said to be weakly-transitive, 
transitive or proto-transitive respectively on S if and only if S satisfies 

★ {yx,y,z){Rxy, RyzSzx ^ y ^ z — > Rxz) (i.e. {RoR)\As C i? (where 

o is relation composition) , or 
-k (yx,y, z){Rxy Ryz — > Rxz) (i.e. {RoR)CR), or 

-k {\/x,y., z){Rxy, Ryz, Ryx, Rzyhx ^ y ^ z — > Rxz), respectively. Proto- 
transitivity of R is equivalent to RHR^^ = ^iR) being weakly transitive. 

Ref{S), rr^S), wt{S), pt{S), EQ{S) wiU respectively denote the set of re- 
flexive, transitive, weakly transitive, proto transitive, and equivalence relations 
on the set S respectively. 

Proposition 1. In general, wt{S) C pr(S'). If R G Ref{S), then R G pt{S) if 
and only if t{R) G EQ{S). 

Different formal definitions of granules have been used in the literature on 
rough sets and in granular computing. An improved version of the axiomatic 
theory of granules introduced in [4| can be found in [1] and a formal simplified 
version in [7]. The axiomatic theory is capable of handling most contexts and 
is intended to permit relaxation of set-theoretic axioms at a later stage. The 
axioms are considered in the framework of Rough Y-Systems (RYS) that maybe 
seen as a generalized form of abstract approximation spaces [5] and approxima- 
tion framework [5]. It includes relation-based RST, cover- based RST and more. 
These structures are provided with enough structure so that a classical semantic 
domain (Meta-C) and at least one rough semantic domain (called Meta-R) of 



roughly equivalent objects along with admissible operations and predicates are 
associable. But the exact way of association is not something absolute as there 
is no real end to recursive approximation processes of objects. 



2 Motivation and Examples 



Generalized transitive relations occur frequently in general information systems, 
but are often not recognized as such and there is hope for improved semantics 
and Kl relative the situation for purely reflexive relation based RST. Not all of the 
definable approximations have been investigated in even closely related struc- 
tures of general RST. Contamination-free semantics [T] for the contexts are also 
not known. Finally these relate to RYS and variants. A proper characterization 
of roughly equal (rcqual) objects is also motivated by [1] . 

Example- 1: 

Let § = {a, &, c, e, /, g, I, n} and let i? be a binary relation on it defined via 

R = {{a, a), {I, I), (n, n), (n, h), (h, n), {I, n), (g, c), (c, g), 

(5, /), (6, g), (g, &), (h, g), (a, &), {b, c), (h, a), (a, c)}. Then {S, R) is a PRAS. 

If P is the reflexive closure of R (that is P = RU As), then {S, P) is a 
PRAX. The successor neighborhoods associated with different elements of S are 
as follows (E is a variable taking values in S): 
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UA = {a, h, /}, then = {a, h, /}, while = {a, /} and C AK 
liF = {/}, then = 0, while = F and F' C 

Now let Z = N U S L) X , where N is the set of naturals, X is the set of 
elements of the infinite sequences {a;,}, {uj}. Let Q be a relation on Z such that 
Q n S*^ = P, (5 n be some equivalence. Further let 

(Vi e iV)(i,.T3i+i), {x2i,i), {yi,yi+i) G Q. For any i g N, let Pi = 

{Uk : k ^ 2j&€k < i} L) {x2j '■ < i} - this will be used in later sections. The 
extension of the example to involve nets and densely ordered subsets is standard. 

Caste Hierarchy Databases: 

In detailed NSS datasets on the evil interaction between castes in India, let 
iiaxy denote the state that 'members of caste regard 'members of caste y' as 
untouchable for interaction a. For suitable subsets of a, the relation is proto- 
transitive and refiexive. Semantics of the associated PRAX can help in deciding 
on social reform strategies. 



3 Approximations and Definite Elements in a PRAX 

Definition 2. By a Proto Approximation Space S (PRAS for short), we will 
mean a pair of the form (5, R) with S_ being a set and R being a proto-transitive 



relation on it. If R is also reflexive, then it will be called a Reflexive Proto 
Approximation Space (PRAX) for short). S_ may be infinite. 

If S* is a PRAX, then we will respectively denote successor and symmetrized 
successor neighborhoods generated by an element x G S [x] = {y; Ryx} and 
[x]o = {y; RyxhRxy} respectively. Taking these as granules, the associated 
granulations will be denoted hy Q — {[x] : x G 5} and Qo respectively. In all 
that follows S will be a PRAX miless indicated otherwise. 

Definition 3. Definable approximations on S include (A C S): 

Upper Proto: A" = [j^^^nA^^M- 
Lower Proto: = U[x]ca[^]- 
Symmetrized Upper Proto = U[x]<,nA#0 No- 
Symmetrized Lower Proto A^° = (Jj^j [xjo- 
Point-wise Upper A"+ = {x : [x] Ci A ^ 0}. 
Point-wise Lower = {x : [x] C A} . 

Proposition 2. For any subset ACS, all of the following hold: 

■k It is possible that A^ ^ and in general, A^ \\ A^° . 

* A C 5 , C A". 

Proof. Clearly (Vx) [x\o C [x\, but the first example includes a counter example 
for A^ II 

Since [x\o n A ^ 0, therefore = U[x]„n^/0 W° ^ U[^]nA#0 ^ 

= U[x]nA5^0 H = 

Definition 4. If X is an approximation operator, then by a X-definite element, 
we will mean a subset A satisfying A^ ~ A. The set of all X-definite elements 
will be denoted by Sx{S), while the set of X and Y -definite elements (Y being 
another approximation operator) will be denoted by 5xy{S). In particular, we will 
speak of lower proto-definite, upper proto definite and proto-definite elements 
(those that are both lower and upper proto-definite). 

Proposition 3. 5u{S) is a complete sublattice of p{S) with respect to inclusion. 

Proof. As R is reflexive, if A, B are upper proto definite, then AVJB and A n B 
are both upper proto definite. So the result holds. □ 

Theorem 1. In a PRAX S, the following hold: 

★ duiS) C SuoiS), but 5io{S) = 5uo{S). 
-k 6i{S) II Sio{S) in general. 

•k It is possible that du ^ Suo- 

Proof If A e Su, then (V.t e A)[x] C A and (Va; G A'')[x] n A = 0. 

So (Vx G A"^) [.t]o n A = 0. But as y4 C A^° is necessary, we must have 
A G 6uo- □ 



like operators have been more commonly used in the literature and 
the only kind of approximation studied in |10| for example. 

Theorem 2. All of the following hold in PRAX A: 

■k (Vx) 2;'^'+ = x""*""^, x"^"^ = x^^'^ - that is 1+ and u+ are mutually dual 

•k u+ (1+ resp.) is a monotone V- (complete A- resp.) morphism. 

-k d{x) = d{x'^), where partial stands for the boundary operator, 
-k is an interior system while is a closure system, 

k and are dually isomorphic lattices. 

Theorem 3. (VA G p{S)) A^+ C A\ A"+ C A". 

Proof. 7k- If a; e then [x] C A and so [x] Q A'' , x e A'- . 

★ If a; G A\ then {3y E A)[y] C A, Rxy. But it is possible that [x] ^ A, 
therefore it is possible that x ^ and A' ^ A^^ . 

★ If a; G then [a;] n A 7^ 0, so a; G A". 

★ So C A". 

★ Note that x G A", if and only if (3z G 5*) a; G [2], [2] n A 7^ 0, but this does 
not imply x G A"^. 

Theorem 4. /n a PRAX, all of the following hold: 

Bi (VA G p(5))A" = A&A" c A"". 
1-Cup (VA, B G p{S)) A U C (A U B)'. 
1-Cap (VA,B G p(5)) (AnB)' C AnB'. 
u-Cup (VA, B G p(5)) (A U BY = A" U B" 
u-Cap (VA, B G p(S')) (A n BY C A" n B" 
Dual (VA G p{S))A^'' C A™. 

Proo/. 1-Cup For any A, B G pS*, x G (A U B)' 
■i^ (3y G (A U B)) X G [y] C A U B. 

<^ (3y G A) X G [y] C A U B or (3y G B) x G [y] C A U B. 
<;=^ (Ely G A) X G [y] C A or (3y G A) X G [y] C B or (3y G B) x G [y] C A 
or (Ely G B) X G [y] C B - this is implied by x G A' U B'. 
1-Cap For any A, B G p5, x G (A n B)' 

<^=> X G Ar^B 

(Ely G A n B) X G [y] C ACiB and x G A, x G B 

(Ely G A) X G [y] C A and (3y G B) x G [y] C B - Clearly this statement 
implies x G A'&x G B', but the converse is not true in general. 
u-Cup X G (A U BY 

^ X e U[y]n(ylUB)#0[y] 

^ X e U([y]nA)u([y]nB)7t0 

^ X e U[j;]nA#0[y] orx G U[y]nB5^0M 

4=^ X G A" UB". 

u-Cap By monotonicity, (A n B) C A" and (A n B) C B", so (A n B)" C 

A"nB". 



Dual If z g A'-", then z e [x^ for all [x] C A and either, z e A \ A'' or z Q A". 
Uze A'^ then z e A™. If z e A \ A' and z ^ then [z] n A'^ = 0. But 

this contradicts z ^ A™ \ So (VA G p(S')) A''^ C A™. 

Theorem 5. In a PR AX S, all of the following hold: 

1. (VA, B G p{S)) {A n = n 

^. G pis')) UB'+ C(AUB)'+ 

5. (VA G p(S')) {A^+Y = {A''Y+, c c A"+ c 

Proof. 1. x G (A n B)'+ ^ [x] C y4 n B ^ [x] C A and [x] C B ^ a; G and 

a; G 

2. a; G U B'+ 4^ [x] C or [x] C ^ [x] C A or [x] C B ^ [x] C 
ylUB ^ X G {A\JBy+. 

3. z G ^ z ^ ^ [z] ^ A 4^ z n 7^ 0. 
If X G then [x] C A. But as [x]o C [x], C 

□ 

From the above, we have the following relation between approximations in gen- 
eral {u-\ > u should be read as the u+- approximation of a set is included in 

the u- approximation of the same set): 
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If a relation R is purely reflexive and not proto-transitive on a set S, then 
the relation r(i?) = i? n R^^ will not be an equivalence and for a ^ C 5, it is 
possible that C A or || ^ or A C 



3.1 Algebras of Rough Definite Elements 

Theorem 6. On the set of proto definite elements Siu{S) of a PRAX S, we can 
define the following: 

1. X Ay = X Dy; X W y = xUy 

2. = ID ; 1 = S ; ^ S\x 

The resulting algebra 5proto{S) = ((5iu(S'), V, A, c, 0, 1) is a Boolean lattice. 

Proof. We need to show that the operations are well defined. Suppose x, y are 
proto-definite elements, then 

1. (xny)" C x"ny" = xny. But, (xHy)' = (x"ny")' = (xHy)"' = (xHy)" = 
xny. Since a"' = a" for any a. Further, (xUy)" = xU?/ = x' Uy' C (xUy)'. 

2. Suppose A G Siu{S), then (Vz G A'^) [z] n ^ = is essential, else [z] would 
be in A'". This means [z] C A'^ and so A'^ ~ A''-''. If there exists a a G v4 such 
that [a] n 0, then [a] <Z ^ A. So A'^ G 5iu{S). 

The lattice order can be defined via, x < y ii and only if xUy = y and xCly = x. 

□ 



4 The Representation of Roughly Equal Elements 

The representation of requal elements in terms of definite elements are well 
known in case classical rough set theory. In case of more general spaces includ- 
ing tolerance spaces [T], most authors have been concerned with describing the 
interaction of rough approximations of different types and not of the interaction 
of requal objects. Higher order approaches, developed by the present author as in 
[3] for bitten approximation spaces, permit constructs over sets of requal objects. 
In the light of the contamination problem |4llj , it would be an improvement to 
describe without higher order constructs. In this section a new method of rep- 
resenting requal elements based on expanding concepts of definite elements is 
developed. 

Definition 5. A subset A of p{S) will be said to a set of requal elements if 
and only if (ix,y £ A) = &a;" = y". It will be said to be full if no other 
subset properly including A has the property. 

Relative the situation for a general RYS, we have 

Theorem 7 (Meta-Theorem) . In a PRAX S, full set of requal elements is 
necessarily a union of intervals in p{S). 

Definition 6. A non-empty set of non singleton subsets a ~ {x : x p{S)} 
will be said to be a upper broom if and only if all of the following hold: 

* (Vx, y e a)x'^ = y" &LX \\ y 

* If a G P, then (3 fails to satisfy at least one of the two conditions. 

Definition 7. A non-empty set of non singleton subsets a = {x : x G p(S')} 
will be said to be a lower broom if and only if all of the following hold: 

■k (Vx, y g a) = y^ X 
■k {\fx,y ea)x II y 

* If P C a and /3 has at least two elements, then P fails to satisfy at least one 
of the two conditions. 

tp{S), rh (S) will respectively denote the set of lower and upper brooms of S . 

Proposition 4. If x e Siu{S) then {x} ^fti (S) and {x} ^ VC^*)- 

In the next definition, the concept of union of intervals in a partially ordered 
set is modified in a way for use with specific types of objects. 

Definition 8. By a bruinval, we will mean a subset of p{S) of one of the fol- 
lowing forms a, f3 p{p{S)): 

•k Bruinval-0: Intervals of the form {x,y), [x,y), [x,x], {x,y] for x,y G p(>5'). 

* Open Bruinvals: [x,a) = {z : x < z < b&^b £ a}, {x,a\ = {z : x < 
z < 6& & G a} and (x, a) = {z : x < z < b ,b £ a). 

-k Closed Bruinvals: [x, a] = {z : x < z < hSzb € a}. 



* Closed Set Bruinvals: [a,P] ~{z:x<z<y&:x€ a&y £ /?}. 

* Open Set Bruinvals: (a,/3) ^{z: x<z<y,x€ aSzy G /?}. 

* Semi-Closed Set Bruinvals: [[a, (3]] defined as follows: a = Q;iUa2 , /3 = /3iU/32 
and [[a, 13]] = (ai, U [aj, /?2] U (ai, /Sj] U [aa, 

In the example of the second section, the representation of the rough object 
{Pl,P^) requires set bruinvals. 

Theorem 8. A bruinval-0 of the form {x,y) is a full set of requal elements if 
x,y & Siu{S) and x is covered by y in the order on 

Ifx,y e 6iu{S) then sets of the form [x, j/), {x,y] cannot be a non-empty set 
of requal elements, while those of the form [x,y] can be if and only if x = y. 

Proposition 5. An interval [x,y) is a full set of requal elements if 

■k a;', 2/" e 6iu{S), a;' = and x" = y", 

* cc' is covered by y" in (5;„(5) and 
■k x\ (x') and y" \ y are singletons 

In the above proposition the condition x', y" S Siu{S), is not necessary. 

Theorem 9. If a bruinval-0 of the form [x,y] satisfies 

-k x' = y' = X and x" — y", 

* y^ \ y is a singleton. 

then [x, y] is a full set of requal objects. 

Proof. Under the conditions, if [x, y] is not a full set of requal objects, then there 
must exist at least one set h such that = x and /i" = y" and h ^ [x,y]. But 
this contradicts the order constraint x' < /ly". Note that y" ^ [x,y] under the 
conditions. □ 

Theorem 10. // a bruinval-0 of the form (x, y] satisfies 

•k x' = y' = X and (Vz S (x, y]) z" = y", 

* y" \ y is a singleton. 

then (x, y] is a /wH set of requal objects, that does not intersect the full set [x, x"] . 

Proof. By monotonicity it follows that (x, y] is a full set of requal objects, then 
there must exist at least one set h such that h^ ~ x and /i" = y" and h ^ [x, y]. 
But this contradicts the order constraint x' < /ly". Note that y" ^ [x, y] under 
the conditions. □ 

Theorem 11. A bruinval-0 of the form (x',x") is not always a set of requal 
elements, but will be so when x™ — x^ . In the latter situation it will be full if 
[x', x") is not full. 

Most of the above considerations extend to other types of bruinvals as is 
shown below and remain amenable. 



Theorem 12. Bruinval (.T,a) is a full set of requal elements if and only if a is 
an upper broom, (Vj/ G a) a;' = 2/', a^" = 2/" a^f^ (Vz)(x' C z C .t — > z" C x"). 

Proof. It is clear that for any y ^ a, {x,y) is a convex interval and all elements 
in it have same upper and lower approximations. The third condition ensures 
that [z,a) is not a full set for any z € [x^x). □ 

Definition 9. An element x S p{S) will be said to be a weak upper critical 
element relative z C x if and only if (Vy € p{S)) {z = & x C y — > C y"). 

An element x G piS) will be said to be an upper critical element relative z C 
X if and only if (Vw, y G p{S)) {z = y^ = v'- Szv C x C y — > u" = x" C y"). 
Note that the inclusion is strict. 

An element a will be said to be bicritical relative b if and only if (Vx, y G 
piS)){a CxCycb — > = = y'&x" C 6"&a' C x'). 

If X is an upper critical point relative z, then [z,x) or {z,x) is a set of roughly 
equivalent elements. 

Definition 10. An element x e p{S) will be said to be an weak lower critical 
element relative z Z) x if and only if {\/y 6 p{S)) {z = ?/"&?/ C x — > y^ C x'). 

An element x £ p(>5') will be said to be an lower critical element relative z D x 
if and only if (Vy, v G p{S)) (z = = u"& y C x C v — > y' C x' = u'). 

An element x £ p{S) will be said to be an lower critical element if and only 
*/ {^y S p{^)) (y a; — >■ C x') An element that is both lower and upper 
critical will be said to be critical. 

Proposition 6. In a PRAX, every upper definite subset is also upper critical, 
but the converse need not hold. 

The most important thing about the different lower and upper critical points 
is that they help in determining full sets of requal elements by determining the 
boundaries of intervals in bruinvals of different types. 

4.1 Atoms in the POSET of Roughly Equivalent Objects 

Proposition 7. For x,y € piS)\ « = _ff (say), if we define x < y if and only 
if (Va e x)(V6 e y)a' C &a" C 6", then < is a bounded and directed partial 
order. The least element will be denoted by (0 ^ {0} ) and the greatest by 1 
(1 = {5*}^. An atom of H is any element that covers 0. The set of atoms of H 
will be denoted by At{H). 

Theorem 13. H is atomic and atoms of H will be bruinvals of specific types: 

Type-0: (0, [x]) that intersect no other set of requal sets. 

Type-1: (0, a) that do not contain full sets of requal sets. 

Type-2: (a,/3) not containing full sets of requal sets and s.t. (Vx)x' ~ 0. 



Proof. That H is atomic will be proved last. It is obvious that a bruiiival of the 
form (a, /3) can be an atom only if a is the 0. If not, then each element x of the 
bruinval (0, a) will satisfy a;' = C a:", thereby contradicting the assumption 
that (a, /3) is an atom. 

If [x] intersects no other successor neighborhood, then {\/y G (0, [a;]))y' = 
0&a;" = [x] and it will be a minimal set of rcqual elements containing 0. The 
other part can be verified based on the representation of possible sets of roughly 
equivalent elements. 

To prove H is atomic, we need to show that any element x greater than 
is either an atom or there exists an atom a such that a < x, that is (Vx)(3a G 
At{H)){0 <x — > a<x). 

Suppose the bruinval {a, (3) represents a non-atom, then it is necessary that 
(Vx e a)x^ ^ 0&a;" C S. 

Suppose the neighborhoods included in are {[y] : y £ B C S}. li all 
combinations of bruinvals of the form (0, 7) formed from these neighborhoods are 
not atoms, then it is necessary that the upper approximation of every singleton 
subset of a set in 7 properly contains another non-trivial upper approximation. 
This is impossible and so H must be atomic. □ 

Theorem 14. The granulation Q satisfies RA, LCG, MER, ST fJ^ with respect to 
the approximations I, u, but Q UQo fails LCG for the approximations I, u, l^, Uq- 

5 Geometry of Granular Knowledge Interpretation 

In my opinion, Any knowledge, however involved, may be seen as a collection of 
concepts with admissible operations of reasoning defined on them. Knowledges 
associated PRAX have various peculiarities corresponding to the semantic evo- 
lution of rough objects in it. The semantic domains of representation properly 
contain the semantic domains of interpretation. Not surprisingly, it is because 
the rough objects corresponding to /, u cannot be represented perfectly in terms 
of objects from Siu (S) alone. In the nongranular perspective too, this represen- 
tation aspect should matter - "should", because it is matter of choice during 
generalization from the classical case in the non granular approach. 

The natural rough semantic domains of Z, u is Meta-R, while that of lo, Uo 
is D (say, corresponding rough objects of t{R)). These can be seen as sepa- 
rate domains or as parts of a minimal containing domain that permits enough 
expression. The main problem of granular Kl is that knowledge is correctly rep- 
resentable in terms of atomic concepts of knowledge at semantic domains placed 
between Meta-C and Meta-R and not at the latter. So the characterization of 
possible semantic domains and their mutual ordering - leading to their geometry 
is of interest. 

The following will be assumed to be part of the interpretation: 

★ Two types of rough objects corresponding to Meta-R and D and their natural 
correspondence correspond to concepts or weakenings thereof. A concept 
relative one semantic domain need not be one of the other. 



•k A granule of the rough semantic domain O is necessarily a concept of O, but 
a granule of Meta-R may not be a concept of O or Meta-R. 

★ Critical points are not necessarily concepts of cither semantic domain. 

* Critical points and the representation of rough objects require the rough 
semantic domains to be extended. 

The above obviously assumes that a PRAX S has at least two kinds of knowl- 
edge associated (in relation to the Pawlak-sense interpretation). To make the 
interpretations precise, we will indicate them by 11(5*) and Io{S) respectively 
(corresponding to the approximations to I, u and lo, Uq respectively). The pair 
(Ii(S'), Io{S)) will also be referred to as the generalized Kl. 

Definition 11. Given two PRAX S ^ {S, R),V = {S, Q), S will be said to be 
o-coarscr than V if and only if Xo(S) is coarser than ToiV) in Pawlak-sense ( 
that is t[R) C r(Q) ). Conversely, V will be said to be a o-refinement of S. 

S will be said to be p-coarser than V if and only if Ti (S) is coarser than 
Ii{V) in the sense R C Q. Conversely, V will be said to be a p-refinement of S. 

An extended concept of positive regions is defined next. 

Definition 12. // Si = {S_, Q) and 5*2 = (5, P) are two PRAX such that 
Q a R, then by the granular positive region of Q with respect to R is given 
by gPOSniQ) ~ {Nq ■ ^ G where [a;]^ is the lower approximation (rel- 
ative R) of the Q-related elements of x. Using this we can define the granular 
extent of dependence of knowledge encoded by R on the knowledge encoded by Q 
by natural injections : gPOSii{Q) i — > Qr. 

Lower critical points can be naturally interpreted as preconcepts that are 
definitely included in the discourse, while upper critical points are preconcepts 
that include most of the discourse. The problem with this interpretation is that 
it's representation requires a semantic domain at which critical points of different 
kinds can be found. A key requirement for such a domain would be the feasibility 
of rough counting procedures like IPC [1]. We will refer to a semantic domain 
that has critical points of different types as basic objects as a Meta-RC. 

The following possible axioms of granular knowledge that also figure in my 
earlier paper [2], get into difficulties with the present approach and even when 
we restrict attention to Ii{S): 

1. Individual granules are atomic units of knowledge. 

2. Maximal collections of granules subject to a concept of mutual independence 
are admissible concepts of knowledge. 

3. Parts common to subcollections of maximal collections of granules are also 
knowledge. 

The first axiom holds in weakened form as the granulation Q for Ti{S) is only 
lower definite and affects the other. The possibility of other nice granulations 
being possible for the PRAX case appears to be possible at the cost of other 
nice properties (fT4)) . So we can conclude that in proper KR happens at seman- 
tic domains like Meta-RC where critical points of different types are perceived. 



Further at Meta-R, rough objects may correspond to knowledge or conjectures 
- if we require the concept of proof to be an ontological concept or behefs. The 
scenario can be made more complex with associations of O knowledges. 

From a non-granular perspective, in Meta-R rough objects must correspond 
to knowledge with some of them lacking a proper evolution - there is no problem 
here. Even if we permit O objects, then in the perspective we would be able to 
speak of two kinds of closely associated knowledges. 

Concluding Remarks: 

In this research we have developed a new general rough set theory over proto 
transitive relations, the representation of rough objects and definite objects. 
The knowledge interpretation of rough sets is also generalized to provide sensible 
knowledge interpretations across different semantic domains. This paves the way 
for possible semantics, measures and/or logics of knowledge consistency. We have 
also shown in concrete terms that granular Kl and classical Kl are different things. 
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